Quantum maximum-distance-separable (MDS) codes are an important class of quantum codes. In this paper, using constacyclic codes and Hermitain construction, we construct some new quantum MDS codes of the form q = 2am + t, n = q 2 +1
Introduction
Quantum error-correcting codes play an important role in quantum information processing and quantum computation. As in classical coding theory, one of the principal problems in quantum theory is to construct quantum codes with the best possible minimum distance.
Calderbank et al.in [1, 2] found that one can construct binary quantum codes from classical self-orthogonal codes over F 2 or F 4 with respect to certain inner product. Nonbinary case was generalized in [3, 4] . A lot of quantum codes have been constructed by using classical error-correcting codes with Euclidean or Hermitian self-orthogonality [6, 7, 9] .
Let q be a prime power. A q-ary quantum code of length n with size q k is a q kdimensional subspace of the q n -dimensional Hilbert space. We use [[n, k Using this Hermitian construction, many quantum MDS codes have been constructed [9] [10] [11] [12] [13] [14] [15] [16] [17] [26] [27] [28] . However, it is not easy task to construct quantum MDS codes with relatively large minimum distance. Besides some special code length, most of known q-ary quantum MDS codes have minimum distance less than or equal to q 2 + 1. In this paper, we construct several families of quantum MDS codes with length n = q 2 +1 a from classical constacyclic codes by Hermitian construction. From [9] , Chen points that dual-containing constacylic codes over F q 2 exist only when the order r is a divisor of q + 1. Let r = q + 1, we construct quantum MDS codes from constacyclic codes. More precisely, Our main contribution on new q-ary quantum MDS codes is as follows:
[[ q 2 + 1 13 , q 2 + 1 13
where q = 26m + 5 is an odd prime power, and 2 ≤ d ≤ 10m + 2 is even;
where q = 26m + 21 is an odd prime power, and 2 ≤ d ≤ 10m + 8 is even.
[[ q 2 + 1 17 , q 2 + 1 17
where q = 34m + 13 is an odd prime power, and 2 ≤ d ≤ 10m + 4 is even;
where q = 34m + 21 is an odd prime power, and 2 ≤ d ≤ 10m + 6 is even.
[[ q 2 + 1 25 , q 2 + 1 25
where q = 50m + 7 is an odd prime power, and 2 ≤ d ≤ 14m + 2 is even ;
where q = 50m + 43 is an odd prime power, and 2 ≤ d ≤ 14m + 12 is even. where q = 58m + 17 is an odd prime power, and 2 ≤ d ≤ 14m + 4 is even;
where q = 58m + 41 is an odd prime power, and 2 ≤ d ≤ 14m + 10 is even.
[[
where q = 74m + 31 is an odd prime power, and 2 ≤ d ≤ 14m + 6 is even;
where q = 74m + 43 is an odd prime power, and 2 ≤ d ≤ 14m + 8 is even.
where q = 82m + 9 is an odd prime power, and 2 ≤ d ≤ 18m + 2 is even;
where q = 82m + 73 is an odd prime power, and 2 ≤ d ≤ 18m + 16 is even.
In construction (1), we obtain some quantum MDS codes with the minimal distance larger than q 2 + 1. Comparing the parameters with all known quantum MDS codes, we find that these quantum MDS codes are new in the sense that their parameters are not covered by the codes available in the literature.
The paper is organized as follows. In Section 2, basic notations and results about quantum codes and constacyclic codes are provided. In Section 3, necessary and sufficient conditions for the existence of dual-containing constacyclic codes are obtained. Then six classes of quantum MDS codes are constructed through constacyclic codes.
Preliminaries
In this section, we review some basic results on constacyclic codes, BCH codes and QECCs for the purpose of this paper. For details on BCH codes and constacyclic codes can be found in standard textbook on coding theory [23, 24] , and for QECCs please see Refs.
[ [1] [2] [3] [4] 7] .
Let p be a prime number and q a power of p, ie., q = p l for some l > 0. F q 2 denotes the finite field with q 2 elements. For any α ∈ F q 2 , the conjugation of α is denoted by α = α q . Given two vectors x = (x 1 , x 2 , · · · , x n ) and y = (y 1 , y 2 , · · · , y n ) ∈ F n q 2 , their Hermitian inner product is defined as (x, y) h = x i y i = x 1 y 1 + x 2 y 2 + · · · + x n y n .
For a linear code C over F q 2 of length n, the Hermitian dual code C ⊥ h is defined as We now recall some results about classical constacyclic codes, negacyclic code and cyclic codes. For any vector (c 0 , c 1 , · · · , c n−1 ) ∈ F n q 2 , a q 2 -ary linear code C of length n is called η-constacyclic if it is invariant under the η-constacyclic shift of F n q 2 :
where η is a nonzero element of F q 2 . Moreover, if η = 1, then C is called a cyclic code ;
and if η = −1, then C is called a negacyclic code.
For a constacyclic code C, each codeword c = (c 0 , c 1 , · · · , c n−1 ) is customarily represented in its polynomial form: c(x) = c 0 + c 1 x + · · · + c n−1 x n−1 , and the code C is in turn identified with the set of all polynomial representations of its codewords. The proper context for studying constacyclic codes is the residue class ring
xc(x) corresponds to a constacyclic shift of c(x) in the ring R n . As we all know, a linear code C of length n over F q 2 is constacyclic if and only if C is an ideal of the quotient ring
It follows that C is generated by monic factors of (x n − η), i.e., C = f (x) and f (x)|(x n − η). The f (x) is called the generator polynomial of C n .
Let η ∈ F q 2 be a primitive rth root of unity. Let gcd(n, q) = 1, then there exists a primitive rn-th root of unity ω in some extension field field of F q 2 such that ω n = η.
For each j ∈ Ω, let C j be the q 2 -cyclotomic coset modulo rn containing j. Let C be an η-constacyclic code of length n over F q 2 with generator polynomial g(x). The set T = {j ∈ Ω|g(ω j ) = 0} is called the defining set of C. Let s be an integer with 0 ≤ s < rn, the q 2 -cyclotomic coset modulo rn that contains s is defined by the set
where k is the smallest positive integer such that xq 2k ≡ x (mod rn). We can see that the defining set T is a union of some q 2 -cyclotomic cosets module rn and dim(C) = n − |T |. Lemma 2.1 [13] . Let C be a q 2 -ary constacyclic code of length n with defining set T .
Then C contains its Hermitian dual code if and only if T T −q = ∅, where T −q denotes the set T −q = {−qz(mod rn)|z ∈ T }.
Let C be a constacyclic code with a defining set T = s∈S C s . Denoting T −q = {rn − qs|s ∈ T }, then we can deduce that the defining set of C ⊥ h is T ⊥ h =Z n \T −q , see Ref. [13] .
Since there is a striking similarity between cyclic codes and constacyclic code, we give a correspondence defining of skew aymmetric and skew asymmetric as follows.
A cyclotomic coset C s is skew symmetric if rn − qs mod rn ∈ C s ; and otherwise is skew asymmetric otherwise. Skew asymmetric cosets C s and C rn−qs come in pair, we use (C s , C rn−qs ) to denote such a pair.
The following results on q 2 -cyclotomic cosets, dual containing BCH codes are bases of our discussion.
Lemma 2.2 [21, 25] . Let r be a positive divisor of q + 1 and η ∈ F * q 2 be of order r. Let gcd (q, n) = 1, ord rn (q 2 ) = m, 0 ≤ x, y, z ≤ n − 1.
(1) C x is skew symmetric if and only if there is a t ≤ ⌊ m 2 ⌋ such that x ≡ xq 2t+1 (mod rn).
(2) If C y = C z , (C y , C z ) form a skew asymmetric pair if and only if there is a t ≤ ⌊ m 2 ⌋ such that y ≡ zq 2t+1 (mod n) or z ≡ yq 2t+1 (mod rn).
Thus one has the following lemma. Lemma 2.3 [13, 21] . Let r be a positive divisor of q + 1 and η ∈ F * q 2 be of order r. Let C be a η-constacyclic code of length n over F q 2 with defining set T , then C ⊥ h ⊆ C if and only if one of the following holds:
(2) If i, j, k ∈ T , then C i is not a skew asymmetric coset and (C j , C k ) is not a skew asymmetric cosets pair. Theorem 2.4 [25] . (The BCH bound for Constacyclic Codes) Let C be an η-constacyclic code of length n over F q 2 , where η is a primitive rth root of unity. Let ω be a primitive rn-th root of unity in an extension field of F q 2 such that ω n = η. Assume the generator polynomial of C has roots that include the set {ω 1+ri |i 1 
Then the minimum distance of C is at least d.
New Quantum MDS Codes
Let q be an odd prime power with the form 2am + t and a|t 2 + 1, where a is an odd and m is a positive integer. Then a is a divisor of q 2 + 1. Let n = q 2 +1 a and η ∈ F q 2 be a primitive rth root of unity. In this section, we consider η-constacyclic codes over F q 2 of length n to construct quantum codes. To do this, we give a sufficient condition for η-constacyclic codes over F q 2 of length n which contain their Hermitian duals. First, we compute q 2 -cyclotomic cosets modulo rn.
Let r = q + 1. we compute q 2 -cyclotomic cosets modulo (q + 1)n.
Lemma 3.1: Let q = 2am + t, a|t 2 + 1 and n =
a , where a is a odd. Let s = q 2 +1
2 . Then, for any integer i ∈ Ω = {1 + (q + 1)j|0 ≤ j ≤ n − 1}, the q 2 -cyclotomic coset C i modulo (q + 1)n is given by Then, let r = 1, we compute q 2 -cyclotomic cosets modulo n.
a and a is an odd. Then, for any integer
New Quantum MDS Codes of Lenght
Let a = 13, q be an odd prime power with the form 26m + 5 or 26m + 21, where m is a positive integer. Then 13 is a divisor of q 2 + 1. Let n = q 2 +1
13 , r = q + 1 and η ∈ F q 2 be a primitive rth root of unity. First, we consider η-constacyclic codes over F q 2 of length n to construct quantum codes. To do this, we give a sufficient condition for η-constacyclic codes over F q 2 of length n which contain their Hermitian duals. 2 . Suppose C is a q 2 -ary constacyclic code of length n with define set T = 
(2) if q is the form 26m + 21, and 0 ≤ δ ≤ 5m + 3, then C ⊥ h ⊆ C.
Proof. According to Lemma 2.2 and Lemma 2.3, one obtain that C ⊥ h ⊆ C if and only if there is no skew symmetric cyclotomic coset and any two cyclotomic cosets do not form a skew asymmetric pair in the defining set T .
(1) For q is the form 26m + 5, n = q 2 +1 13 = 52m 2 + 20m + 2, s = q 2 +1 2 = 338m 2 + 130m + 13. Let x, y ∈ Ω = {s+(q+1)j|0 ≤ j ≤ 5m}. one only testify that x+yq ≡ 0 mod rn holds.
To do this, we divide Ω into three parts such that Ω = First, we testify that any cyclotomic coset is not skew symmetric. If x ∈ I 1 , 6rn < (q 2 +1)(q+1) 26
Since, rn = (q + 1)(52m 2 + 20m + 2) = 1352m 3 + 832m 2 + 172m + 12, s(q
and (q 2 + 1)m = 676m 3 + 312m 2 + 36m, then 6rn < x(q + 1) < 7rn. If
Hence, there is no skew symmetric cyclotomic coset in the defining set T .
Then, we testify that any two cyclotomic cosets do not form a skew asymmetric pair. If
and If
Hence, any two cyclotomic cosets do not form a skew asymmetric pair. in the defining set T . Therefore, if q is the form 26m + 5, and 0 ≤ δ ≤ 5m, then C ⊥ h ⊆ C.
(2) For q is the form 26m + 21. n = q 2 +1 13 = 52m 2 + 84m + 34, s = q 2 +1 2 = 338m 2 + 546m + 221. Let x, y ∈ Ω = {s + (q + 1)j|0 ≤ j ≤ 5m + 3}. one only testify that
x + yq ≡ 0 mod rn holds. To do this, we divide Ω into three parts such that Ω = First, we testify that any cyclotomic coset is not skew symmetric. If
If x ∈ I 3 , 8rn < 8rn + r(18m + 15) = [s + (q + 1)(3m + 3)](q + 1) ≤ x(q + 1)≤ [s + (q + 1)(5m + 3)](q + 1) = 8rn + r(52m 2 + 18m + 15) < 9rn. Hence, there is no skew symmetric cyclotomic coset in the defining set T .
Then, we testify that any two cyclotomic cosets do not form a skew asymmetric pair. Hence, any two cyclotomic cosets do not form a skew asymmetric pair in the defining set T . Therefore, if q is the form 26m + 21, and 0 ≤ δ ≤ 5m + 3, then C ⊥ h ⊆ C. Let a = 17, q be an odd prime power with the form 34m + 13 or 34m + 21, where m is a positive integer. Then 17 is a divisor of q 2 + 1. Let n = q 2 +1
17 , r = q + 1 and η ∈ F q 2 be a primitive rth root of unity. First, we consider η-constacyclic codes over F q 2 of length n to construct quantum codes. To do this, we give a sufficient condition for η-constacyclic codes over F q 2 of length n which contain their Hermitian duals. 2 . Suppose C is a q 2 -ary constacyclic code of length n with define set T = First, we testify that any cyclotomic coset is not skew symmetric. If x ∈ I 1 , 8rn < ≤ [s + (q + 1)(3m + 1)](q + 1) ≤ 8rn + (136m 2 + 102m + 19)r < 10rn; If x ∈ I 3 , 10rn < 8rn + 136m 2 + 136m + 33 = (s + (q + 1)(3m + 2))(q + 1) ≤ x(q + 1) ≤ [s + (q + 1)(5m + 1)](q + 1) < 11rn. Hence, there is no skew symmetric cyclotomic coset in the defining set T . Using the same method, one can testy that any two cyclotomic cosets do not form a skew asymmetric pair. Therefore, if q is the form 34m+13, and 0 ≤ δ ≤ 5m+1, then C ⊥ h ⊆ C. And for q is the form 34m + 21, one also can testy that there is no skew asymmetric pairs in defining set T and C ⊥ h ⊆ C. Let a = 25, q be an odd prime power with the form 50m + 7 or 50m + 43, where m is a positive integer. Then 25 is a divisor of q 2 + 1. Let n = q 2 +1 25 , r = q + 1 and η ∈ F q 2 be a primitive rth root of unity. We consider η-constacyclic codes over F q 2 of length n to construct quantum codes. First, we give a sufficient condition for η-constacyclic codes over F q 2 of length n which contain their Hermitian duals. (1) if q is the form 50m + 7, and 0 ≤ δ ≤ 7m, then C ⊥ h ⊆ C.
(2) if q is the form 50m + 43, and 0 ≤ δ ≤ 7m + 5, then C ⊥ h ⊆ C.
For q is the form 50m + 7, n = 
≤ [s + (q + 1)7m](q + 1) < 16rn;. Hence, there is no skew symmetric cyclotomic coset in the defining set T . Using the same method, one can testy that any two cyclotomic cosets do not form a skew asymmetric pair. Therefore, if q is the form 50m + 7, and 0 ≤ δ ≤ 7m, then C ⊥ h ⊆ C. And for q is the form 50m + 41, using the same method, one also can testy that there is skew symmetric cyclotomic coset and any two cyclotomic cosets do not form a skew asymmetric pair in the defining set T . Therefore, C ⊥ h ⊆ C. Let a = 29 and q be an odd prime power with the form 58m + 17 or 58m + 41, where m is a positive integer. Then 29 is a divisor of q 2 + 1. Let n = q 2 +1 29 , r = q + 1 and η ∈ F q 2 be a primitive rth root of unity. We consider η-constacyclic codes over F q 2 of length n to construct quantum codes. First, we give a sufficient condition for η-constacyclic codes over F q 2 of length n which contain their Hermitian duals. 
(2) if q is the form 58m + 41, and 0 ≤ δ ≤ 7m + 4, then C ⊥ h ⊆ C.
Proof. According to Lemma 2.2 and Lemma 2.3, one obtain that C ⊥ h ⊆ C if and only if there is no skew symmetric cyclotomic coset and any two cyclotomic cosets do not form a skew asymmetric pair in the defining set T . For q is the form 50m + 7, n = First, we testify that any cyclotomic coset is not skew symmetric. If x ∈ I 1 , 14rn < (q 2 +1)(q+1) 58
; If x ∈ I 2 , 15rn < 14rn + (116m 2 + 76m + 18)r = (s + (q + 1)(m + 1))(q + 1) ≤ x(q + 1)
≤ [s + (q + 1)(3m + 1)](q + 1) ≤ 14rn + (232m 2 + 146m + 23)r < 16rn; If x ∈ I 3 , 16rn < 16rn + (68m + 21)r = (s + (q + 1)(3m + 1))(q + 1) ≤ x(q + 1) ≤ [s + (q + 1)(5m + 1)](q + 1) = 17rn−(22m+7) < 17rn; If x ∈ I 4 , 17rn < 17rn+(36m+11)r = (s+(q+1)(5m+2))(q+1) ≤ x(q + 1) ≤ [s + (q + 1)(7m + 1)](q + 1) = 18rn − (54m + 23)r < 18rn;. Hence, there is no skew symmetric cyclotomic coset in the defining set T . Using the same method, one can testy that any two cyclotomic cosets do not form a skew asymmetric pair. Therefore, if q is the form 58m + 17, and 0 ≤ δ ≤ 7m + 1, then C ⊥ h ⊆ C. And for q is the form 58m + 41, using the same method, one also can testy that there is skew symmetric cyclotomic coset and any two cyclotomic cosets do not form a skew asymmetric pair in the defining set T .
Therefore, C ⊥ h ⊆ C. Let a = 37 and q be an odd prime power with the form 74m + 31 or 74m + 43, where m is a positive integer. Then 37 is a divisor of q 2 + 1. Let n = q 2 +1 37 , r = q + 1 and η ∈ F q 2 be a primitive rth root of unity. We consider η-constacyclic codes over F q 2 of length n to construct quantum codes. First, we give a sufficient condition for η-constacyclic codes over F q 2 of length n which contain their Hermitian duals.
Lemma 3.11: Let q be an odd prime power, n = q 2 +1 37 > q. Suppose C is a q 2 -ary constacyclic code of length n with define set T = ≤ [s + (q + 1)(7m + 2)](q + 1) = 22rn − (62m + 27)r < 22rn;. Hence, there is no skew symmetric cyclotomic coset in the defining set T . Using the same method, one can testy that any two cyclotomic cosets do not form a skew asymmetric pair. Therefore, if q is the form 74m + 31, and 0 ≤ δ ≤ 7m + 2, then C ⊥ h ⊆ C. And for q is the form 74m + 43, using the same method, one also can testy that there is skew symmetric cyclotomic coset and any two cyclotomic cosets do not form a skew asymmetric pair in the defining set T .
Therefore, C ⊥ h ⊆ C. Let a = 41 and q be an odd prime power with the form 82m + 9 or 82m + 73, where m is a positive integer. Then 41 is a divisor of q 2 + 1. Let n = q 2 +1 41 , r = q + 1 and η ∈ F q 2 be a primitive rth root of unity. We consider η-constacyclic codes over F q 2 of length n to construct quantum codes. First, we give a sufficient condition for η-constacyclic codes over F q 2 of length n which contain their Hermitian duals. Lemma 3.13: Let q be an odd prime power, n = q 2 +1 41 > q. Suppose C is a q 2 -ary constacyclic code of length n with define set T = ≤ [s + (q + 1)9m](q + 1) = 25rn − (72m + 9)r < 25rn;. Hence, there is no skew symmetric cyclotomic coset in the defining set T . Using the same method, one can testy that any two cyclotomic cosets do not form a skew asymmetric pair. Therefore, if q is the form 82m + 9, and 0 ≤ δ ≤ 9m, then C ⊥ h ⊆ C. And for q is the form 82m + 73, using the same method, one also can testy that there is skew symmetric cyclotomic coset and any two cyclotomic cosets do not form a skew asymmetric pair in the defining set T . Therefore, C ⊥ h ⊆ C. 
SUMMARY
In this paper, using constacyclic codes and Hermitain construction, we construct some new quantum MDS codes of the form q = 2am + t, n =
a , where a = 13, 17, 25, 29, 37, 41 and a|(t 2 + 1). In Table 7 , we list the quantum MDS constructed in this paper. All most of these quantum MDS codes are new in the sense that their parameters are not covered be the codes available in the literature. 
